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The gauge field strength tensor Fµν in Abelian and non-Abelian local gauge field theories is a key object
in the construction of the Lagrangian since it provides the kinetic term(s) of the gauge field(s) Aµ. When
introducing this object, most of textbooks employ as a tool the commutator of the gauge covariant derivatives
Dµψ of a fermion field ψ: Fµνψ = (i/g)[Dµ, Dν ]ψ. I argue that such a construction, although completely
correct and valid, is not pedagogical enough for many students that approach the gauge field theories for the
first time. Another construction, based on the object DµAν : Fµν = D[µAν], which avoids the introduction of
additional and, for the case in consideration, spurious degrees of freedom such as the fermion one, simpler,
more pedagogical in many cases, and suitable for first-time students, is presented.
PACS numbers: 11.15.-q
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I. INTRODUCTION
Local gauge field theories have demonstrated their
enormous power at describing the known fundamental
interactions1–12. Anybody interested in addressing the
elementary particle physics, at least from the theoreti-
cal point of view, must learn the principles of the gauge
field theories. In that respect, textbooks do a good job
taking the reader from the Abelian to the non-Abelian
gauge field theories: they start from the issue of the local
gauge non-invariance of the Dirac’s Lagrangian, continue
showing the necessity of introducing a() gauge field(s)
(which is(are) a() vector(s) in spacetime) with suitable
transformation properties in order to make the Dirac’s
Lagrangian be gauge invariant, and finally introduce the
gauge field strength tensor so that the gauge field(s) may
have a() kinetic term(s) in the Lagrangian. The detailed
procedure followed by most of textbooks, see e.g. Refs.
1–5, which I will review later, involves the introduction
of the commutator of the gauge covariant derivatives of a
fermion field as a tool to arrive to the gauge field strength
tensor and the way it transforms. Despite the fact that
this is the standard way of presenting things in textbooks
and in the classroom, I argue that such a construction is
in itself not pedagogical enough for many students that
approach for the first time these subjects (for an alter-
native and very good pedagogical construction, see Ref.
10). As I will show, such claimed lack of enough pedagogy
lies on the fact that the actual issue of the gauge invari-
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ance of a term in the Lagrangian built only from first-
order derivatives of the gauge field(s) is not confronted
directly; instead, the procedure lies on the introduction
of the commutator of gauge covariant derivatives of a
fermion field on whose result, curiously, we want to get
rid of the fermion field itself. Only after making use
of this tool, the way the resultant object (which turns
out to be the gauge field strength tensor operating on
the fermion field) transforms is investigated taking ad-
vantage of the transformation rules of the fermion field
and its gauge covariant derivatives. Such knowledge fi-
nally allows us to build a gauge-invariant term in the La-
grangian, that contains the kinetic term(s) for the gauge
field(s), from the gauge field strength tensor. The pro-
cedure is clean and, at the end, satisfactory, especially
when a deep geometrical meaning can be assigned to the
commutator in terms of a round trip by parallel transport
in exactly the same way as it is done in General Relativ-
ity to define the Riemann-Christoffel tensor2,3; however,
for first-time students, especially for those that do not
have an acquaintance in differential geometry, the phi-
losophy behind the procedure may look strange, if not
quite obscure, and the assimilation of the procedure re-
lies more on the fact that it works and that it is presented
in textbooks.
With the purpose of offering to students, especially
those addressing the local gauge field theories for the
first time, a simpler and perhaps more pedagogical con-
struction of the gauge field strength tensor, I will attack
directly the heart of the problem: the gauge invariance
of a term in the Lagrangian which comes from an ob-
ject built only from first-order derivatives of the gauge
field(s) without the intrusion of other fields, in particular
fermion ones. The philosophy behind this procedure is
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completely transparent and I hope students will take ad-
vantage of it when trying to understand where the gauge
field strength tensor really comes from.
The layout of this paper is the following: in Section II,
I will present the Abelian local gauge field theories; Sub-
section IIA discusses the preliminaries, i.e., the issue of
the local gauge non-invariance of the Dirac’s Lagrangian
and its resolution by the introduction of the gauge covari-
ant derivative; Subsection II B presents the standard way
of finding out the gauge field strength tensor by means
of the commutator of gauge covariant derivatives of a
fermion field - this subsection is just a review devoted to
people already familiarized with the standard procedure:
first-time students should skip this subsection for better
pedagogical results; Subsection II C introduces the new
way, simpler and perhaps more pedagogical, to find out
the gauge field strength tensor: first-time students must
definitely read this subsection. Section III deals with the
non-Abelian local gauge field theories following the same
strategy as in the Abelian case; therefore first-time stu-
dents should skip Subsection III B but must definitely read
Subsection III C. Finally, I conclude in Section IV. The
Appendix complements the main text by briefly present-
ing the main ideas and calculations in explicit represen-
tations of the Lie algebra.
II. ABELIAN LOCAL GAUGE FIELD THEORIES
A. Preliminaries
In the Abelian local gauge field theories, the transfor-
mations over a fermion field commute. I will consider
the transformations under the U(1) gauge group. The
fermion field ψ transforms as
ψ′ = eigǫ(~x)ψ , (1)
where a prime denotes the transformed quantity, g is the
coupling constant, and ǫ(~x) is a scalar quantity that de-
notes the amount of the transformation which, in turn,
depends on the space location.
The idea is that the whole Lagrangian describing a fun-
damental interaction be invariant under transformations
of some selected groups. The first piece in the whole La-
grangian is the Dirac’s Lagrangian, the one that describes
the mass and kinetic properties of a fermion field:
LD = ψ(iγ
µ∂µ −m)ψ . (2)
Here, ψ is the conjugate spinor associated to the fermion
field ψ, γµ makes reference to the Dirac’s matrices, and
m is the mass of the fermion field. If the transformations
were global, i.e. if ǫ did not depend on ~x, ∂µψ would
transform as ψ does, making the Dirac’s Lagrangian be
gauge invariant but, since I am considering local gauge
transformations, ∂µψ transforms as
(∂µψ)
′ = ig(∂µǫ(~x))e
igǫ(~x)ψ + eigǫ(~x)∂µψ , (3)
which, of course, ruins the gauge invariance of LD.
In order to get rid of the annoying ∂µǫ(~x) factor in the
latter expression, we are required to introduce a gauge
field Aµ that, together with ∂µ, and operating on ψ, re-
places ∂µψ itself; such a construct is called the gauge
covariant derivative of the fermion field, which means an
object, similar to an ordinary derivative, that does trans-
form as the fermion field:
Dµψ = ∂µψ − igAµψ . (4)
Thus, the new Dirac’s Lagrangian is
LD = ψ(iγ
µDµ −m)ψ . (5)
The gauge field Aµ must comply with a suitable trans-
formation rule so that the ∂µǫ(~x) factor disappears and
LD becomes gauge invariant: since we require
(Dµψ)
′ = eigǫ(~x)Dµψ , (6)
Aµ must transform as
A′µ = Aµ + ∂µǫ(~x) . (7)
The interesting thing about Aµ is that it introduces in-
teractions between the fermion field and its antiparticle
field, Aµ being the field messenger of the fundamental
interaction described by the selected group, in this case
U(1).
B. Finding out the gauge field strength tensor: the
standard way
With the preliminaries above, the whole gauge-
invariant Lagrangian can then be built from ψ and Dµψ,
but not from Aµ (except when appearing in gauge co-
variant derivatives). However, we need to introduce a
gauge-invariant term in the Lagrangian that contains a
kinetic term for the gauge field, i.e., a free-particle term
quadratic in ∂µAν , so we have to consider terms of this
form.
Where can we find a partial derivative of the gauge
field? We can look at Eq. (4) and say: well, Aµ is there,
so if we need a term of the form ∂µAν , the best we can
do is to take the derivative of Dµψ, a covariant derivative
indeed to keep the good transformation properties. But
there is a serious issue here: we want terms of the form
∂µAν , involving only the gauge field, at most operating
on a fermion field, i.e. (∂µAν)ψ (just to get rid of the
fermion field later), with no reference at all to deriva-
tives of the fermion field. At first sight, this seems to be
impossible:
DµDνψ = (∂µ − igAµ)(∂νψ − igAνψ)
= ∂µ∂νψ − ig(∂µAν)ψ
−igAν(∂µψ)− igAµ(∂νψ)− g
2AµAνψ .(8)
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The only valuable term in the expression above is the
second term in the second line; the others can be consid-
ered as noise, especially the ones involving derivatives of
the fermion field. What can we do?: the first thing is to
try avoiding the second-order partial derivative of ψ; a
clever way to do it is antisymmetrizing the second-order
covariant derivative:
DµDνψ −DνDµψ = ∂µ∂νψ − ig(∂µAν)ψ − igAν(∂µψ)
−igAµ(∂νψ)− g
2AµAνψ
−∂ν∂µψ + ig(∂νAµ)ψ + igAµ(∂νψ)
+igAν(∂µψ) + g
2AνAµψ , (9)
i.e.
[Dµ, Dν ]ψ = −ig(∂µAν − ∂νAµ)ψ . (10)
Surprisingly, the antisymmetrization got rid not only of
the second-order partial derivative of ψ but also of all
the other noisy terms, leaving only the valuable terms!
We will call ∂µAν − ∂νAµ the gauge field strength tensor
Fµν :
Fµν = ∂µAν − ∂νAµ , (11)
i.e.,
Fµν =
i
g
[Dµ, Dν ] . (12)
Since we need to build a gauge-invariant kinetic term
of the gauge field in the Lagrangian, and this term will be
supposed to be built from Fµν , we need to know the way
it transforms. In order to do it, we will take advantage
of the fact that [Dµ, Dν ]ψ transforms as ψ. Thus,
([Dµ, Dν ]ψ)
′ = eigǫ(~x)[Dµ, Dν ]ψ
= eigǫ(~x)(−igFµνψ) , (13)
but, on the other hand,
(−igFµνψ)
′ = −igF ′µνψ
′
= eigǫ(~x)(−igF ′µνψ) , (14)
therefore, comparing Eqs. (13) and (14), we conclude
that the gauge field strength tensor Fµν is gauge invari-
ant. This is marvellous since the Lorentz-invariant La-
grangian LK−A:
LK−A = −
1
4
FµνF
µν , (15)
built as a term that contains a free-particle term
quadratic in ∂µAν , is gauge invariant. This is the kinetic
term in the Lagrangian associated to the gauge field.
The main criticism to this whole procedure is the non
confrontation of the actual issue: finding out a gauge-
invariant term in the Lagrangian built only from deriva-
tives of the gauge field without introducing, ever, other
fields. Instead, a fermion field is introduced in Eq. (8)
just for us to get rid of it when going from Eq. (10) to
Eq. (12) (of course, taking into account Eqs. (13) and
(14)). Although it is not so absurd not to consider the
gauge field independently of the fermion one since the
former appears from the necessity of building a covari-
ant derivative of the latter, the unnecessary introduction
of the fermion field in order to find out the gauge field
strength tensor, unnecessary in the sense that the fermion
field is just a dispensable artefact to arrive to the desired
result, may make the procedure look strange, if not quite
obscure, for non-familiarized readers. It is worthwhile
noticing, however, that the student familiarized with dif-
ferential geometry will find this procedure more illumi-
nating than the one I propose, in the next subsection,
as being perhaps more pedagogical; the deep geometri-
cal meaning of the commutator of covariant derivatives as
well as its strong analogy with the procedures followed in
General Relativity to arrive to the mathematical objects
that describe the space-time curvature2,3 are, without
any doubt, robust arguments to choose the standard way
described in this subsection as the most pedagogical and
illuminating. Notwithstanding, it is also worthwhile re-
membering that neophyte students usually do not master
such knowledge.
C. Finding out the gauge field strength tensor: a simpler
and perhaps more pedagogical way
The preliminaries presented in Subsection IIA lead to
conclude that in the construction of the whole gauge-
invariant Lagrangian, only ψ and Dµψ can be used; the
only way Aµ can be introduced is via the gauge covari-
ant derivatives. Despite of this fact, a free-particle term
quadratic in ∂µAν that represents the kinetic term for
the gauge field must be contained in some gauge-invariant
term in the Lagrangian. We have, then, to consider terms
of this form.
Well, since the protagonist object here is ∂µAν , let’s
find out directly how it transforms:
(∂µAν)
′ = ∂µ(Aν + ∂νǫ(~x)) = ∂µAν + ∂µ∂νǫ(~x) . (16)
As in the Dirac’s Lagrangian, partial derivatives of ǫ(~x)
are annoying terms that we must get rid of. How do we
do it? The antisymmetrization of ∂µAν seems to be the
answer:
(∂µAν − ∂νAµ)
′ = ∂µAν + ∂µ∂νǫ(~x)− ∂νAµ − ∂ν∂µǫ(~x)
= ∂µAν − ∂νAµ . (17)
This is fantastic!: we have found a gauge-invariant object
built only from derivatives of the gauge field. We will call
it the gauge field strength tensor Fµν :
Fµν = ∂µAν − ∂νAµ . (18)
Thus, since the objective is to find out a gauge-
invariant term in the Lagrangian that contains a kinetic
term for the gauge field, the latter being, as said before,
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a free-particle term which is quadratic in ∂µAν , the sim-
plest thing to do is to have a Lorentz-invariant product
of Fµν with itself:
LK−A = −
1
4
FµνF
µν . (19)
The reader, at this point, may think that there is noth-
ing novel in the approach I am presenting in this subsec-
tion because, up to this point, everything in this sub-
section is already discussed in textbooks. The latter is
true but its direct generalization to non-Abelian gauge
field theories does not appear in textbooks and, as the
reader will notice, all the power of this procedure will
reveal when discussing such theories in Subsection III C.
Indeed, the following, which appears as a curiosity in the
Abelian case, will turn out to be fundamental in the non-
Abelian case: the gauge field strength tensor can also be
written as
Fµν = ∂µAν − ∂νAµ
= ∂µAν − igAµAν − ∂νAµ + igAνAµ
= DµAν −DνAµ
= D[µAν] , (20)
where the symbol Dµ is the same one as that defined in
Eq. (4). It is very important to stress that DµAν is not
at all a covariant derivative since such an object does not
transform as a field belonging to a given representation
of the U(1) gauge group (e.g., the fundamental represen-
tation, see Eq. (1), or the adjoint one):
(DµAν)
′ = ∂µA
′
ν − igA
′
µA
′
ν
= ∂µ(Aν + ∂νǫ(~x))
−ig(Aµ + ∂µǫ(~x))(Aν + ∂νǫ(~x))
= ∂µAν + ∂µ∂νǫ(~x)− ig[AµAν +Aµ(∂νǫ(~x))
+(∂µǫ(~x))Aν + ∂µǫ(~x)∂νǫ(~x)] . (21)
The expression Fµν = D[µAν] should make us think
that, maybe, the construction D[µAν] is a good candi-
date to define the gauge field strength tensor in the non-
Abelian case too. The next section will show that this is
indeed the case, but, before going there, it is important
to make an annotation. The expression Fµν = D[µAν]
had already been employed in Refs. 8 and 9 and, very
marginally, in Ref. 10, the first two references in the
context of non-Abelian local gauge field theories, with-
out giving a dedicated reasoning about why Fµν is con-
structed the way it is, which, of course, is not sufficiently
valuable from the pedagogical point of view, and the
third reference when implementing the gauge-field ap-
proach to gravity.
III. NON-ABELIAN LOCAL GAUGE FIELD THEORIES
A. Preliminaries
In the non-Abelian local gauge field theories, the trans-
formations over a fermion field do not commute. I will
consider the transformations under the SU(N) gauge
group. The fermion field ψ is an N -dimensional spinor
that transforms as
ψ′ = eig~ǫ(~x)·
~Tψ , (22)
where ~ǫ(~x) is an (N2−1)-dimensional vector that denotes
the amount of the transformation which, in turn, depends
on the space location, and ~T is the “vector” built with
the N2 − 1 generators of the SU(N) group that can be
represented as N ×N matrices that satisfy the following
simple Lie algebra:
[Ta, Tb] = if
c
abTc . (23)
In the latter expression, f cab are the structure constants
of the group that turn out to be totally antisymmetric,
and a, b, c run from 1 to N2 − 1.
The Dirac’s Lagrangian in this case is
LD = ψ[iγ
µ(∂µ1)−m1]ψ , (24)
where 1 is the N×N unit matrix. If the transformations
were global, i.e. if ~ǫ did not depend on ~x, (∂µ1)ψ would
transform as ψ does, making the Dirac’s Lagrangian be
gauge invariant but, since I am considering local gauge
transformations, (∂µ1)ψ transforms as
[(∂µ1)ψ]
′ = (∂µe
ig~ǫ(~x)·~T )ψ + eig~ǫ(~x)·
~T (∂µ1)ψ , (25)
which, of course, ruins the gauge invariance of LD.
In order to get rid of the annoying ∂µe
ig~ǫ(~x)·~T factor in
the latter expression, we are required to introduce N2−1
gauge fields Aaµ that are grouped into a single matrix by
using the group generators Ta:
Aµ = A
a
µTa . (26)
Such a matrix-gauge field, together with ∂µ1, and oper-
ating on ψ, defines the covariant derivative of the fermion
field and replaces (∂µ1)ψ:
Dµψ = (∂µ1)ψ − igAµψ . (27)
As such, the covariant derivative of the fermion field
transforms as the fermion field itself:
(Dµψ)
′ = eig~ǫ(~x)·
~TDµψ . (28)
The new Dirac’s Lagrangian is then
LD = ψ(iγ
µDµ −m1)ψ , (29)
which is gauge invariant as long as the matrix-gauge field
Aµ complies with a suitable transformation rule so that
the ∂µe
ig~ǫ(~x)·~T factor disappears:
A′µ = e
ig~ǫ(~x)·~TAµe
−ig~ǫ(~x)·~T −
i
g
(∂µe
ig~ǫ(~x)·~T )e−ig~ǫ(~x)·
~T .
(30)
Similar to Aµ in the Abelian case, the non-Abelian gauge
fields Aaµ introduce interactions among different fermion
fields and are the field messengers of the fundamental
interaction described by the SU(N) group.
Finding Out the Gauge Field Strength Tensor 5
B. Finding out the gauge field strength tensor: the
standard way
As with the local Abelian gauge field theories, the
whole gauge-invariant Lagrangian can then be built from
ψ and Dµψ, but not from Aµ (except when appearing in
gauge covariant derivatives). The missing pieces in the
Lagrangian are the kinetic terms for the N2 − 1 gauge
fields which, as we already know, must be free-particle
terms quadratic in ∂µA
a
ν , all of them coming from a
gauge-invariant term. We then have to consider terms
of this form.
The same question asked in the Abelian case applies
here: where can we find a partial derivative of the gauge
fields? Looking at Eq. (27) we can conclude that, since
Aµ is there, we must take the derivative of Dµψ in order
to get ∂µAν and, therefore, the desired ∂µA
a
ν . Such a
derivative should be a covariant one in order to keep the
good transformation properties. However, we want terms
of the form ∂µAν , involving only the matrix-gauge field,
at most operating on a fermion field, i.e. (∂µAν)ψ (just
to get rid of the fermion field later), with no reference
at all to derivatives of the fermion field. Preliminary
calculations show this to seem to be impossible:
DµDνψ = [(∂µ1)− igAµ][(∂ν1)ψ − igAνψ]
= (∂µ∂ν1)ψ − ig(∂µAν)ψ
−igAν[(∂µ1)ψ]− igAµ[(∂ν1)ψ]− g
2AµAνψ .
(31)
Since the only valuable term in the expression above is
the second term in the second line, the other terms being
considered possibly as noise, especially the ones involv-
ing derivatives of the fermion field, the first thing to do
is to try avoiding the second-order partial derivative of
ψ. This can be realized by antisymmetrizing the second-
order covariant derivative:
DµDνψ −DνDµψ = (∂µ∂ν1)ψ − ig(∂µAν)ψ
−igAν [(∂µ1)ψ]− igAµ[(∂ν1)ψ]
−g2AµAνψ
−(∂ν∂µ1)ψ + ig(∂νAµ)ψ
+igAµ[(∂ν1)ψ] + igAν[(∂µ1)ψ]
+g2AνAµψ , (32)
i.e.,
[Dµ, Dν ]ψ = −ig(∂µAν − ∂νAµ − ig[Aµ, Aν ])ψ , (33)
where we notice that, since the generators of the group
do not commute, see Eq. (23), the matrix-gauge fields Aµ
and Aν do not commute either. Similarly to the Abelian
case, the antisymmetrization got rid, surprisingly, not
only of the second-order partial derivative of ψ but also
of the terms involving first-order derivatives of ψ. We
will call ∂µAν −∂νAµ− ig[Aµ, Aν ] the matrix-gauge field
strength tensor Fµν :
Fµν = ∂µAν − ∂νAµ − ig[Aµ, Aν ] , (34)
i.e.,
Fµν =
i
g
[Dµ, Dν ] . (35)
The construction of the kinetic terms of the gauge
fields from the matrix-gauge field strength tensor requires
to know how the latter transforms. To know it, we will
take advantage of the fact that [Dµ, Dν ]ψ transforms as
ψ. Thus,
([Dµ, Dν ]ψ)
′ = eig~ǫ(~x)·
~T [Dµ, Dν ]ψ
= eig~ǫ(~x)·
~T (−igFµνψ) , (36)
but, on the other hand,
(−igFµνψ)
′ = −igF ′µνψ
′
= −igF ′µν(e
ig~ǫ(~x)·~Tψ) , (37)
therefore, comparing Eqs. (36) and (37), we conclude
that the matrix-gauge field strength tensor Fµν trans-
forms in the adjoint representation3 of the SU(N) group:
F ′µν = e
ig~ǫ(~x)·~T Fµν e
−ig~ǫ(~x)·~T . (38)
It is in this sense that the gauge field strength tensor can
be considered as the covariant derivative of the gauge field
itself. The situation here is quite different to that in the
Abelian case since the matrix-gauge field strength tensor
is not gauge invariant. So, how can we build a gauge-
invariant quantity from it? The answer relies on the fact
that the searched gauge-invariant term in the Lagrangian
is a scalar whereas the matrix-gauge field strength tensor
is, of course, a matrix, so we have to get a scalar from
a matrix. The usual scalars we can get from a matrix
are its determinant and its trace. Indeed, if we take the
trace of F ′µν , we can see that it is gauge invariant:
Tr(F ′µν) = Tr(e
ig~ǫ(~x)·~T Fµν e
−ig~ǫ(~x)·~T )
= Tr(Fµν e
−ig~ǫ(~x)·~T eig~ǫ(~x)·
~T )
= Tr(Fµν) . (39)
The same kind of reasoning applies to the Lorentz-
invariant matrix object − 12FµνF
µν : it transforms as
(
−
1
2
FµνF
µν
)
′
= eig~ǫ(~x)·
~T
(
−
1
2
FµνF
µν
)
e−ig~ǫ(~x)·
~T ,
(40)
so that its trace is gauge invariant; this is precisely the
Lorentz-invariant Lagrangian we are looking for:
LK−A = Tr
(
−
1
2
FµνF
µν
)
= −
1
2
gabF
a
µνF
bµν
= −
1
4
δabF
a
µνF
bµν , (41)
where
Tr(TaTb) = gab , (42)
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is the induced metric on the group3
(
gab =
δab
2
)
and
F aµν = ∂µA
a
ν − ∂νA
a
µ + gf
a
bcA
b
µA
c
ν . (43)
This is a Lagrangian that contains free-particle terms
quadratic in ∂µA
a
ν , i.e., the kinetic terms of the gauge
fields, but that also contains self-interaction terms among
the different gauge fields due to the −ig[Aµ, Aν ] term in
Eq. (34). So, in contrast with the local Abelian gauge
field theories, where the gauge field does not interact with
itself, in the local non-Abelian gauge field theories, the
gauge fields interact among themselves.
The main criticism to this whole procedure is the same
as in the Abelian case, i.e., the non confrontation of
the actual issue: finding out a gauge-invariant term in
the Lagrangian built only from derivatives of the gauge
fields without introducing, ever, other fields. As Eq. (31)
shows, a fermion field is introduced and later it is aban-
doned when going from Eq. (33) to Eq. (35) (taking into
account Eqs. (36) and (37)). The situation is not any
better in other textbooks such as those in Refs. 6 and 7:
they just notice that the expression ∂µAν − ∂νAµ is nei-
ther gauge invariant nor transforms in an adequate way
(involving ~ǫ(~x) but not its derivatives), and introduce
the term −ig[Aµ, Aν ], essentially from nowhere, showing
that its transformation counteracts the inadequate way
∂µAν − ∂νAµ transforms.
C. Finding out the gauge field strength tensor: a simpler
and perhaps more pedagogical way
The preliminaries presented in Subsection IIIA lead
to conclude that in the construction of the whole gauge-
invariant Lagrangian, only ψ and Dµψ can be used; the
only way Aµ can be introduced is via the gauge covari-
ant derivatives. Despite of this fact, free-particle terms
quadratic in ∂µA
a
ν that represent the kinetic terms for the
gauge fields must arise from some gauge-invariant term
in the Lagrangian. We have, then, to consider terms of
the form ∂µAν : this is the protagonist object here.
Let’s then find out directly how ∂µAν transforms:
(∂µAν)
′ = ∂µ
[
eig~ǫ(~x)·
~TAνe
−ig~ǫ(~x)·~T
−
i
g
(∂νe
ig~ǫ(~x)·~T )e−ig~ǫ(~x)·
~T
]
=
[
∂µ(e
ig~ǫ(~x)·~T )
]
Aνe
−ig~ǫ(~x)·~T
+eig~ǫ(~x)·
~T (∂µAν)e
−ig~ǫ(~x)·~T
+eig~ǫ(~x)·
~TAν
[
∂µ(e
−ig~ǫ(~x)·~T )
]
−
i
g
[
∂µ∂ν(e
ig~ǫ(~x)·~T )
]
e−ig~ǫ(~x)·
~T
−
i
g
[
∂ν(e
ig~ǫ(~x)·~T )
] [
∂µ(e
−ig~ǫ(~x)·~T )
]
. (44)
As in the Dirac’s Lagrangian, partial derivatives of ~ǫ(~x)
are annoying terms that we must get rid of, and we have
to do it, initially, by removing the most annoying of all
of them: the second-order derivatives. As always, the
antisymmetrization of ∂µAν seems to be the answer:
(∂µAν − ∂νAµ)
′ =
[
∂[µ(e
ig~ǫ(~x)·~T )
]
Aν]e
−ig~ǫ(~x)·~T
+eig~ǫ(~x)·
~T (∂µAν − ∂νAµ)e
−ig~ǫ(~x)·~T
−eig~ǫ(~x)·
~TA[µ
[
∂ν](e
−ig~ǫ(~x)·~T )
]
+
i
g
[
∂[µ(e
ig~ǫ(~x)·~T )
] [
∂ν](e
−ig~ǫ(~x)·~T )
]
.
(45)
In contrast with the Abelian case, the object we have
just found still contains (first-order) derivatives of ~ǫ(~x)
and, as the reader can easily check from the latter ex-
pression, the only way to get rid of them seems to drop
the idea that the theory is non-Abelian. This, of course,
does not make any sense. However, if we are led again to
the local Abelian gauge field theories, we are reminded
of an interesting curiosity (see Eq. (20)): the gauge field
strength tensor can also be written as the antisymmet-
ric object D[µAν]. Thus, why don’t we try building an
object in local non-Abelian gauge field theories following
the same recipe?:
D[µAν] = [(∂µ1)− igAµ]Aν − [(∂ν1)− igAν ]Aµ
= ∂µAν − ∂νAµ − ig[Aµ, Aν ] . (46)
We will call this object the matrix-gauge field strength
tensor:
Fµν = ∂µAν − ∂νAµ − ig[Aµ, Aν ] . (47)
If we want to build a gauge-invariant Lagrangian from it,
we need to know how it transforms. By employing Eq.
(30), and performing a quite length but straightforward
algebra, the reader can conclude that
F ′µν = e
ig~ǫ(~x)·~T Fµν e
−ig~ǫ(~x)·~T . (48)
Good point!: no spatial derivatives of ~ǫ(~x) appear and
Fµν turns out to transform in the adjoint representation
of the SU(N) group. Fµν can be considered, therefore,
as the covariant derivative of the gauge field itself.
The challenge now is to build a gauge-invariant term
from the matrix-gauge field strength tensor. But how
can we do such a thing when Fµν is a matrix whereas
any term in the Lagrangian must be a scalar? Well, the
usual scalars we can get from a matrix are its determinant
and its trace. Observing the transformation property in
Eq. (48), we can recognize that, indeed, the trace of the
matrix-gauge field strength tensor is gauge invariant:
Tr(F ′µν) = Tr(e
ig~ǫ(~x)·~T Fµν e
−ig~ǫ(~x)·~T )
= Tr(Fµν e
−ig~ǫ(~x)·~T eig~ǫ(~x)·
~T )
= Tr(Fµν) , (49)
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as well as it is the trace of the Lorentz-invariant matrix
object − 12FµνF
µν :
[
Tr
(
−
1
2
FµνF
µν
)]
′
= Tr
[
eig~ǫ(~x)·
~T
(
−
1
2
FµνF
µν
)
e−ig~ǫ(~x)·
~T
]
= Tr
(
−
1
2
FµνF
µν
)
. (50)
Thus, we have found the Lorentz-invariant Lagrangian
we were looking for:
LK−A = Tr
(
−
1
2
FµνF
µν
)
= −
1
2
gabF
a
µνF
bµν
= −
1
4
δabF
a
µνF
bµν , (51)
where
Tr(TaTb) = gab , (52)
is the induced metric on the group3
(
gab =
δab
2
)
and
F aµν = ∂µA
a
ν − ∂νA
a
µ + gf
a
bcA
b
µA
c
ν . (53)
The kinetic terms of the gauge fields, i.e., the free-particle
terms quadratic in ∂µA
a
ν , are contained in the Lagrangian
in Eq. (51). But there are more terms contained in
such a Lagrangian: because of the −ig[Aµ, Aν ] term in
Eq. (47), there are now self-interaction terms among the
different gauge fields in contrast with what happens in
local Abelian gauge field theories.
IV. CONCLUSIONS
Local Abelian and non-Abelian gauge field theories
are essential for anybody who wishes to understand the
way the fundamental interactions are described nowa-
days. Most of textbooks, e.g. Refs. 1–5, follow a stan-
dard procedure to introduce such theories, finding out,
specifically, the gauge field strength tensor from the com-
mutator of covariant derivatives Dµψ of a fermion field
ψ: Fµνψ = (i/g)[Dµ, Dν ]ψ. I have argued that such an
approach is not pedagogical enough for many students
approaching for the first time these subjects since the is-
sue of getting a gauge-invariant Lagrangian, containing
the kinetic term(s) of the gauge field(s), from first-order
derivatives of the gauge field(s) only, is not confronted
directly; this applies particularly to students with no ac-
quaintance in differential geometry as it is impossible,
this way, to link the commutator of covariant deriva-
tives with a round trip by parallel transport and observe
the connection of this procedure with the one followed in
General Relativity to find out the mathematical objects
that describe the space-time curvature2,3. In this paper,
such a direct confrontation has been performed, finding
positive results when comparing this procedure with the
usual one. In particular, I have presented a very simple
and nice way of constructing the gauge field strength ten-
sor: this object is the antisymmetrized version of DµAν :
Fµν = D[µAν]. Since such a construction can have an
enormous pedagogical value for many first-time students,
I expect this methodology can help them to grasp, in a
quicker and more efficient way, the profound question of
where the gauge field strength tensor really comes from.
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Appendix
1. Preliminaries
I will work in the framework of local gauge transforma-
tions that are part of a simple Lie group. A fermion field
ψl will transform under an infinitesimal transformation
as:
δψl = igǫ
a(~x)(Ta)
m
l ψm , (A.1)
where ǫa(~x) depends on the space location and repre-
sents the amount of the transformation, and Ta are the
generators of the gauge transformations.
The Lie algebra is given by
[Ta, Tb] = ifabcT
c , (A.2)
where the fabc are the structure constants of the Lie
group. We can build from them the matrices TA that
conform the adjoint representation of the Lie group:
(TAc )
a
b = −if
a
bc . (A.3)
Once we define the induced metric on the group:
gab = Tr(TaTb) , (A.4)
which, by the way, can be written as3
gab = −f
d
ac f
c
bd , (A.5)
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the following identities follow from the definitions above:
Tr(Ta) = 0 , (A.6)
Tr(TaTbTc) =
i
2
fabc +
1
2
Tr(Ta{Tb, Tc}) , (A.7)
Tr(TaTbTcTd) = −
1
4
f eab fcde +
i
4
fcdeTr(Ta{Tb, T
e})
+
i
4
fabeTr(T
e{Tc, Td})
+
1
4
Tr({Ta, Tb}{Tc, Td}) , (A.8)
and so on.
2. The usual way
I will first recall the usual arguments presented in text-
books, closely following Ref. 3.
As described above, a fermion field ψl will transform
under an infinitesimal local gauge transformation as:
δψl = igǫ
a(~x)(Ta)
m
l ψm . (A.9)
We want to employ not only ψl but also ∂µψl but, un-
fortunately, the latter does not transform as the fermion
field:
δ(∂µψl) = ig[(∂µǫ
a(~x))(Ta)
m
l ψm + ǫ
a(~x)(Ta)
m
l ∂µψm] ,
(A.10)
so we are in the necessity of building a covariant deriva-
tive of the fermion field, Dµψl. In order to do so, we
must introduce a gauge field Aaµ:
Dµψl = ∂µψl − igA
a
µ(Ta)
m
l ψm , (A.11)
that transforms in the following way:
δAaµ = ∂µǫ
a(~x) + iǫb(~x)(TAb )
a
cA
c
µ . (A.12)
Thus, the annoying ∂µǫ
a(~x) term disappears when cal-
culating δ(Dµψl) making Dµψl transform as the fermion
field.
The whole gauge-invariant Lagrangian can then be
built from ψl and Dµψl, but not from A
a
µ (except when
appearing in covariant derivatives). However, we need to
introduce a kinetic term for the vector field, so we have
to consider terms of the form ∂µA
a
ν . This is accomplished
by means of the gauge field strength tensor F aµν .
The standard way of finding out F aµν is described in
Subsection III B and I will follow the most important
steps here. We will consider the commutator of two co-
variant derivatives acting on a fermion field:
[Dµ, Dν ]ψl = −ig(Ta)
m
l F
a
µνψm , (A.13)
where the object F aµν is defined as:
F aµν = ∂µA
a
ν − ∂νA
a
µ + gf
a
bcA
b
µA
c
ν . (A.14)
Why is it so important to calculate [Dµ, Dν ]ψl and to
define F aµν? Well, the point is that, since [Dµ, Dν]ψl
transforms as a fermion field, we can calculate the trans-
formation of F aµν , by means of Eq. (A.13), finding out
that
δF aµν = igǫ
b(~x)(TAb )
a
cF
c
µν , (A.15)
i.e., F aµν transforms in the adjoint representation of the
group. This object is then defined as the gauge field
strength tensor. Since the Lagrangian must contain a
term quadratic in the ordinary derivatives of the gauge
field, to build the kinetic term, it is reasonable to propose
the Lorentz-invariant Lagrangian
LK−A = −
1
4
gabF
a
µνF
µνb , (A.16)
where gab must be defined as
gab = Tr(TaTb) = −f
d
ac f
c
bd , (A.17)
so that the Lagrangian in Eq. (A.16) is indeed gauge
invariant. gab has the property of raising and lowering
gauge indices and that is why it is called the induced
metric on the group. Thus, LK−A becomes:
LK−A = −
1
4
F aµνF
µν
a . (A.18)
3. The new way
In the search of an intuitive, reasonable, natural, and
perhaps more pedagogical way to find out F aµν , we can
do better.
Let’s come back to the point just before Eq. (A.13).
In order to find out the appropriate form of the object
resembling ∂µA
a
ν we have to answer the question: how
does this latter object transform under an infinitesimal
gauge transformation? Let’s see it:
δ(∂µA
a
ν) = ∂µ∂νǫ
a(~x) + ig(∂µǫ
b(~x))(TAb )
a
cA
c
ν
+igǫb(~x)(TAb )
a
c∂µA
c
ν . (A.19)
The challenge is bigger than in the δ(∂µψl) case since we
have to get rid not only of the first-order derivatives of
ǫa(~x) but also of the second-order derivatives of it. A
clever way to get rid of the latter is to build an antisym-
metrized object from ∂µA
a
ν :
δ(∂µA
a
ν − ∂νA
a
µ) = ig(∂µǫ
b(~x))(TAb )
a
cA
c
ν
−ig(∂νǫ
b(~x))(TAb )
a
cA
c
µ
+igǫb(~x)(TAb )
a
c(∂µA
c
ν − ∂νA
c
µ) .
(A.20)
This stage seems to be a dead end since there does not
seem to be a clear way of getting rid of the first-order
derivatives of ǫa(~x) unless the adjoint matrices vanish
which is equivalent to have vanishing structure constants,
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i.e., to have an Abelian gauge theory. Well... let’s analyze
this case.
As said before, in an Abelian gauge theory, the struc-
ture constants vanish and, therefore, there does not exist
an adjoint representation. Therefore, we can use all the
formulas already presented but taking into account that
the generators Ta are not matrices anymore whereas the
matrices TAa vanish. Thus, the fermion field transforms
as
δψ = igǫ(~x)ψ , (A.21)
while the covariant derivative is defined as
Dµψ = ∂µψ − igAµψ , (A.22)
where the gauge field must transform as
δAµ = ∂µǫ(~x) , (A.23)
so that the covariant derivative does transform as the
fermion field. Thus, the object ∂µAν transforms as
δ(∂µAν) = ∂µ∂νǫ(~x) , (A.24)
which makes the construction ∂µAν − ∂νAµ be the ap-
propriate object since it is gauge invariant. This object
is called Fµν , the gauge field strength tensor, and since
we require, in the Lagrangian, terms quadratic in the
first-order derivatives of the gauge field, the following
Lagrangian is obviously Lorentz invariant and gauge in-
variant:
LK−A = −
1
4
FµνF
µν . (A.25)
An interesting aspect of the definition of Fµν is that
we can write
Fµν = ∂µAν − igAµAν − ∂νAµ + igAνAµ
= (∂µ − igAµ)Aν − (∂ν − igAν)Aµ
= DµAν −DνAµ
= D[µAν] , (A.26)
where the symbol Dµ is the same one as that defined in
Eq. (A.22). DµAν cannot be interpreted at all as the
covariant derivative of the gauge field itself since such an
object does not transform in the adjoint representation
of the group which, in fact, does not exist:
δ(DµAν) = ∂µ∂νǫ(~x)− ig(∂µǫ(~x))Aν − igAµ∂νǫ(~x) .
(A.27)
The expression Fµν = D[µAν] should make us think
that, maybe, the construction D[µA
a
ν] is a good candi-
date to define the gauge field strength tensor in the non-
Abelian case, the object built with first-order derivatives
of the gauge field that transforms in the adjoint repre-
sentation of the group. Let’s see if that is the case.
First of all, what is DµA
a
ν? Let’s remember that Dµ is
a matrix:
Dµ = ∂µ1− igA
b
µTb , (A.28)
and so is Aν :
Aν = A
c
νTc . (A.29)
Therefore, since we have
DµAν = (DµA
a
ν)Ta , (A.30)
we obtain
DµA
a
ν = Tr(DµAνT
a) . (A.31)
Thus, it is very easy to conclude that
DµA
a
ν = ∂µA
a
ν − igA
b
µA
c
ν Tr(TbTcT
a) . (A.32)
Such an expression allows us to build the object D[µA
a
ν]:
D[µA
a
ν] = ∂µA
a
ν − ∂νA
a
µ
−igAbµA
c
ν Tr(TbTcT
a) + igAbνA
c
µ Tr(TbTcT
a)
= ∂µA
a
ν − ∂νA
a
µ
−igAbµA
c
ν [Tr(TbTcT
a)− Tr(TcTbT
a)] , (A.33)
which, by making use of the trace identities presented in
Subsection 1, reduces to
D[µA
a
ν] = ∂µA
a
ν − ∂νA
a
µ + gf
a
bcA
b
µA
c
ν . (A.34)
This is precisely the gauge field strength tensor F aµν found
in Eq. (A.14) employing the usual methodology. We al-
ready know from Eq. (A.15) that such an object trans-
forms in the adjoint representation of the group but, in
order to complete my whole argument and to make it
completely logic and independent of the usual one, we
can check by explicit calculations that F aµν = D[µA
a
ν]
does transform in the expected way.
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